
ITurfaces (Kirby pictures, classification
,

and diffeomorphisms)
~

we will use handlebodies to classity closed surfaces

First we have

exercise:

1) If I a surface and D
,

D
= are I disks in I then

- -

I- D
,

= I- Da

so denoteED
, by E

2) given
E

, In the connected sum is
- --

[, = [, Es where fil
, +E

is an ort ver differ
show this is well-defined. * unique upto isotopy.

-examples:

1) Shif call to

2) Th = sys call I
-

e) In = In- #I, ...
projective p= 5 call M

plane *
ident antipodes

5) Nu = Nn- #N

T

any closed connected surface [ is diffeomorphic#toIn or N for some

we prove this by showing I has a handlebody decomp. That

agrees
with one for In or Nn

how to "see" handle decomps ? Kirby pictures !

that is
,

we will represent any closed



connected surface with a diagram in It

later we will see a 3-manifold can be

represented by a diagram in R

and a 4-manifold by a diagram in IR

Note: for surfaces Fo
,

F
,

we have Fo FF
,

#) FoF,

so given a connected surface F we can find a handle decomposition
with one O-handle and one 2-handle

and we can understand F's diffeomorphism type by considering
F-(2-handle) = (0-handle) v k(l-handles)

to understand this
, just need to know how I- handles are

attached to 710-handle) = S' called "pointed
I matched circle"

2.
2 keep track of framed Sos in S i bordered HF

we can assume so's miss some point in s' so think of Sis as

in S- Spt] EIR ↑ reduced studying
2-mds to pictures
in R ! call these

"Kirby pictures"

example:1)To to of of IR

↑ ↑ FD
picture for

-



so this is a picture of Th

some Sos
↓

2) itFo has picture #F and

F, #
Med

FotF
,

"D

one 2-handl

& D
one O-handle

e.g I
,

has picture -Totoof of to o o
o

000
with convention,

if no arrows

then they point "out"

3) P : E D with pt on 2 identified withantipode"

· note union of purple is D2 glued toO rest along S'
.

1
.

e
. a 2-handle

⑨

remove I-handle to get

=
=



So In is ⑧ ·

1212 ... zg 29 29-12g

where Io = St is

and N is
of of

so we now have pictures of all In and N !

We now show any
F has a picture that agrees with one of these

· If the picture for F has no I-handles
,

then FES2

· now suppose F has K30 I-handles

consider one of them : ho that is attached first

Case1: h! not oriented

·
attached after no can be "slid"over h

that is recall we get the same manifold it

we change the attaching map
of h by an isotopy

i
"One"foot" of h

x
so a "handle slide" changes the picture by

&
of of of ---



exercise: Show handle slide rule is
·

al can push a point into tiptail of another
I

handle ho and it comes out the tiptail

of the other "foot" of h!

b) it hi is oriented the arrow of the

slid point stays same
,

otherwise it flips

so notice any "foot" in
tof can be slid out of I
u

I (say to right)
and any point to left of I can be slid to right
of I by 2 handle slides

① restofpictureso F=y

: FEP#F' F'has fewer I-handles

Lase2 : he oriented

·
=

o

I

note : 2160-h)who) = S'US' not connected

but 2 Fo = s' connected

so must be hi with one foot inI and one foot out

->to of

if h, non oriented
,

then can slide to get
fewer

-o (070

so now in Case 1 and F=PIEhandles

if hi oriented
,
then consider interval J



J, is

T
note : any foot in F

,
can be slid over hi to get out of 5

1 E I 46 C/

24 E 11 "h, to get to 5

then over h's to get out of 5

similarly any foot to left of 5 can be slid to right of5

: as in case 1 F = T#F' With F'having fewer I-handles

so by induction on k F =CTY (#P4)
exercise: T#P2 = P

&

#P
*#P

so we are done with proof of theorem !
--

-SubtlePoint : Given a handlebody F and F' obtained from E by

isotoping the attaching maps,

Is F = F ' ?
No ! but they are diffeomorphic !

there is a difference between "is the same as" and "diffeomorphic to"

example

i sotope attaching region of red a folloas

so it comes

· back to where
It started

we get a family of surfaces F
+

+ + So. 17

with FFEFF, and diffeomorphisms

really equal ! 4 : Fo - Fr



exercise
so f: F -> F is a diffeomorphism of F !

-

1) Show f
,

is isotopic to a "Dehn twist" about y

⑳
2)Show any diffeomorphism of an oriented surface

is obtained by handle slides

(is it true for non orientable ?)

-


